Duadic Z4-Codes  by Langevin, Philippe & Solé, Patrick
Finite Fields and Their Applications 6, 309}326 (2000)
doi.10.1006/!ta.2000.0285, available online at http://www.idealibrary.com onDuadic Z4-Codes
Philippe Langevin
GECT, UniversiteH de Toulon, 83400 La Garde, France
E-mail: langevin@univ-tln.fr
and
Patrick SoleH
CNRS, 13S, ESSI, B.P. 145, Route des Colles, 06903 Sophia Antipolis, France
E-mail: sole@diamant.unice.fr
Communicated by <era Pless
Received July 9, 1999; revised April 25, 2000; published online August 19, 2000
The structure of abelian Z
4
-codes (and more generally Z
pm
-codes) is studied. The
approach is spectral: discrete Fourier transform and idempotents. A criterion for
self-duality is derived. An arithmetic test on the length for the existence of nontrivial
abelian self-dual codes is derived. A natural generalization of both the supplemented
quadratic residue codes and the binary duadic codes is introduced. Isodual abelian
Z
4
codes are considered, constructed, and used to produce 4-modular lattices. ( 2000
Academic Press1. INTRODUCTION
Recent years have witnessed a burst of activity in codes over
Z
4
[2, 3, 6, 9, 10, 16] with applications to (nonlinear) binary codes [10] and
unimodular lattices [2, 16].
An important subclass is that of cyclic self-dual Z
4
codes [16]. A natural
and little explored so far (some quadratic residue codes in [2]) generalization
of cyclic codes is abelian codes (de"ned below). Noncyclic abelian codes of
length (45 are not self-dual but they can be (like duadic codes in the binary
world) isodual (i.e., isometric to their dual). Isodual codes with even Euclid-
ean weights produce 16-modular lattices in the sense of [19] and odd309
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310 LANGEVIN AND SOLEDformally 4-modular lattices [18] via construction A
4
, with a di!erent normal-
ization.
We introduce the family of duadic Z
4
-codes which generalizes the class of
supplemented quadratic residue codes (SQR hereafter) of [2] in the same way
that duadic codes generalized quadratic residue codes [13]. Examples of
duadic codes in lengths 9 and 25 have higher minimum Lee and Euclidean
distances than SQR codes of the same length.
The material is organized in the following way. Section II collects the
background material that we need. Section III and IV develops the abelian
group representation which is required for Sections V and VI, where the
structure of abelian codes over some rings is studied. Section VII contains the
results on self-dual and isodual codes. Section VIII enumerates and evaluates
codes of modest lengths.
2. NOTATIONS AND DEFINITIONS
2.1. Z
4
-Codes
A linear code C of length n over Z
4
is an additive subgroup of Zn
4
. All codes
over Z
4
in this article are linear. An element of C is called a codeword of C.
The Hamming weight wt
H
(x) of a vector x is just the number of nonzero
components. The Lee weights of the elements 0, 1, 2, and 3 of Z
4
are 0, 1, 2,
and 1, respectively and the Lee weight wt
L
(x) of x is just the rational sum of
the Lee weights of its components. The Euclidean weights of the elements 0, 1,
2, and 3 of Z
4
are 0, 1, 4, and 1, respectively and the Euclidean weight wt
E
(x)
of x is just the rational sum of the Euclidean weights of its components. The
Hamming, Lee, and Euclidean distances d
H
(x, y), d
L
(x, y), and d
E
(x, y) be-
tween two vectors x and y are wt
H
(x!y), wt
L
(x!y), and wt
E
(x!y),
respectively. The minimum Hamming, Lee, and Euclidean weights, d
H
, d
L
,
and d
E
, of C are the smallest Hamming, Lee, and Euclidean weights among all
nonzero codewords of C, respectively.
Two codes are equivalent if one can be obtained from the other by
permuting the coordinates and (if necessary) changing the signs of certain
coordinates. Codes di!ering by only a permutation of coordinates are called
permutation-equivalent. Any code is permutation-equivalent to a code with
generator matrix of the form
A
I
k1
A B
1
#2B
2
0 2I
k2
2D B , (1)
where I
n
is the identity matrix of order n and A, B
1
, B
2
, and D are (0, 1)-
matrices. We say that a code with generator matrix (1) has type 4k12k2 (cf. [6]).
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Mc (mod 2) Dc3CN and the torsion code C(2)"Mc3Zn
2
D2c3CN.
2.2. Abelian Codes over Rings
Let R denote a "nite commutative ring with identity. Abelian R-codes are
ideals in the group ring R[G] of a "nite abelian group G. Recall that the ring
R[G] with coe$cients in a ring R consists of all formal polynomials
+
g3G
x
g
Xg
in the indeterminate X, with coe$cients in R, equipped with the term-by-
term sum and the convolution product
A +g3G xgXgB A +g3G ygXgB" +g3G zgXg,
where
z
g
:" +
h#l"g
x
h
y
l
.
An isometry of R[G] of the form
+
g3G
x
g
Xg > +
g3G
x
g
Xa(g),
with a3Aut(G), is called a multiplier. This setting specializes to cyclic codes
when G is a cyclic group. Since R[G] is isomorphic to R[H] if G and H are
isomorphic, the study of abelian codes attached to the group, say, Z
p
]Z
q
with p, q distinct primes reduces down (by the Chinese Remainder Theorem)
to the study of cyclic codes of length pq. We shall therefore encounter
noncyclic abelian codes only in non-square-free lengths 9, 25, 27, 45, 49,2 .
2.3. Orthogonality and =eights
We equip Z
pm
[G] with the following inner product:
(x, y) :" +
g3G
x
g
y
g
.
The dual CM of C-Z
pm
[G] is understood w.r.t. that product. The code C is
self-dual if C"CM and C is self-orthogonal if C-CM. The symmetrized
312 LANGEVIN AND SOLEDweight enumerator (swe) of a code C over Z
4
is given by
swe
C
(a, b, c)" +
x3C
an0(x)bn1(x)#n3(x)cn2(x),
where n
i
(x) is the number of components of x3C that are congruent to
i (mode 4). Note that equivalent codes have identical swe’s. Klemm [11]
established the MacWilliams identities for a code over Z
4
.
THEOREM 2.1. (Klemm [11]).
swe
CM
(a, b, c)" 1
DCD
swe
C
(a#2b#c, a!c, a!2b#c).
The Z
4
-code C is isodual if C is equivalent to CM. The Z
4
-code C is formally
self-dual (fsd for short) if its swe is invariant by MacWilliams transform; that
is,
swe
CM
(a, b, c)"swe
C
((a#2b#c)/2, (a!c)/2, (a!2b#c)/2).
Isodual codes are fsd but fsd codes may not be isodual. The Z
4
-code C is said
to be strongly fsd if its cwe is invariant by MacWilliams transform. The
annihilator Ann(I) of an ideal I of the ring R[G] is de"ned as
Ann(I) :"My3Z
pm
[G], "x3I xy"0N.
The hull of a code C is CWCM.
If C is a Z
4
-code then its extended and augmented code CM is de"ned as
follows. Let CK denote the extension of C by an overall parity-check and let
CM :"CK X (1#CK ). If C contains the all-2 word then CM is Z
4
-linear. If, further-
more, C is self-dual (resp. strongly fsd) so is CM .
2.4. Galois Rings
Let p be a prime. The Galois ring GR(pm, d) is the unique Galois extension
of Z
pm
of degree d. When m"1 it is the "nite "eld GF(pd ). It is a local ring
with maximal ideal (p). Its residue "eld being GF(pd) it contains nth roots of
unity for all n dividing pd!1. The TeichmuK ller setT is the set of representa-
tives of GF(pd ) which are roots of Xpd!X. Every element of the ring
GR(pm, d ) admits a unique p-adic expansion
x"x
0
#x
1
p#2#x
m~1
pm~1 ,
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i
are inT. The so-called Frobenius element F of the Galois group
of the extension GR(pm, d)/Z
pm
can then be de"ned as
F(x) :"xp
0
#xp
1
p#2#xp
m~1
pm~1.
2.5. ‚attices
An n-dimensional lattice " in Rn is the set of integer linear combinations of
n linearly independent vectors v
1
,2, vn , where Rn is the n-dimensional
Euclidean space. Let ! :"(v
i
, v
j
) denote the Gram matrix of this basis. The
fundamental volume <(") of " is JDdet !D. For a sublattice "@L", it holds
that <("@)"<(") D"/"@D. The dual lattice "* is given by
"*"Mx3Rn Dx )a3Z for all a3"N, where x ) a"x
1
a
1
#2#x
n
a
n
and
x"(x
1
,2 , xn), a"(a1 ,2 , an). A lattice " is integral if "-"*. A lattice
" is unimodular if """*. A lattice " is l-modular if it is integral and there is
an equivalence (in the sense of [5, p. 10]) multiplying norm by l that maps "*
into ". A lattice is even if the norms of all its vectors are even integers. It is
said to be odd otherwise.
The minimum norm l of " is the smallest norm among all nonzero lattice
points of ".
Applying Construction A to self-dual codes over Z
4
, we have the following
construction, which is called Construction A
4
.
THEOREM 2.2. [2]. ‚et C be a self-dual code of length n over Z
4
with
minimum Euclidean weight d
E
. „hen the lattice
A
4
(C)"1
2
Mx3Zn Dx,c (mod 4) for some c3CN,
is an n-dimensional unimodular lattice of minimum norm min M4, d
E
/4N.
A generalization of this theorem is the following.
THEOREM 2.3. ‚et C be an isodual code with even Euclidean weights of
length n over Z
4
. „hen the lattice A
4
(C) is an isodual lattice, 2A
4
(C) is an even
16-modular lattice of norm min M16, d
E
N, and the lattice J2A
4
(C) is an odd
4-modular lattice of norm min M8, 2d
E
N.
Proof. This follows from the well-known property of construction A
A
4
(C)*"A
4
(CM).
Indeed by Z
4
duality the RHS is included in the LHS. Equality follows by
comparing fundamental volumes. j
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Let N denote the exponent of G. We want to build the smallest Galois ring
that contains the roots of unity of order N. Let M be the order of p modulo N.
Then GR(pm, M) is the required extension. Denote by f an element of order
N in the group of invertible elements of GR(pm,M). The fundamental the-
orem of "nite generation for abelian groups says that
G" t<
i/1
Z
ni
.
Let a, b denote typical elements of G and a
i
, b
i
3Z
ni
their generic factor in that
product. We can de"ne the duality bracket of a and b as
Sa, bT :"f+ ti/1ai bi(N/ni) .
The map b >Sa, bT is a character of G with values in GR(pm, M). The
bracket is symmetric Sa, bT"Sb, aT. We have the following conjugacy
conditions
Sa, pbT"Spa, bT"Sa, bTp"F (Sa, bT ).
The orthogonality of group characters spells out as
+
x3G
Sa, xT"nd
a,0
.
4. FOURIER TRANSFORM
The Fourier transform f K of
f :" +
g3G
f
g
Xg
in Z
pm
[G] is de"ned as +g3G f KgXg with
f K
h
:" +
g3G
f
g
Sg, hT.
This transform will play the role of the Mattson}Solomon polynomial for
"nite "elds. If n, the order of G, is prime to p we have the inversion formula
f
h
:"1
n
+
g3G
f
g
Y S!g, hT.
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First the convolution property,
LEMMA 4.1. For all x, y3Z
pm
[G] and all h3G we get
xyY
h
"xL
h
yL
h
.
Next the conjugacy constraints,
LEMMA 4.2. For all x3Z
pm
[G] and all h3G we get
F (xL
h
)"xL
ph
.
5. GROUP RING STRUCTURE
We denote by O
0
, O
1
,2 , Os the orbits of G assumed of order prime to
p under the map x>px. These orbits will play the role of cyclotomic cosets
in the theory of cyclic codes over "nite "elds. For instance if G"Z2
3
and
p"2 are the smallest group of interest for us, we get s"4 and the orbits are
M(00), (01, 02), (10, 20), (11, 22), (12, 21)N.
Let d
i
denote the size of O
i
, We are now in a position to state and prove the
main result of this section.
THEOREM 5.1. „here is an isomorphism between Z
pm
[G] and the product of
rings
Z
pm
]GR(pm, d
1
)]GR(pm, d
2
)]2]GR(pm, d
s
).
Proof. By Lemma 4.1 the Fourier transform induces a ring homomor-
phism between Z
pm
[G] and the product of n copies of GR(pm,M). This
homomorphism is indeed an isomorphism by the inversion formula. By
Lemma 4.2 we can, without losing any information, content ourselves with
picking a copy per O
j
, and, furthermore, the images in such a copy will live in
GR(pm, d
j
) since the kernel of (Fdj!I) in GR(pm, M) is isomorphic to
GR(pm, d
j
). In symbols
h3O
j
NxL
h
3GR(pm, d
j
).
Theorem 5.1 translates into a structure theorem for abelian codes.
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pm
[G] can be expressed as
I
0
]I
1
]2]I
s
,
where I
j
is one of (0), (1), (p) ,2 , (pm~1) in GR(pm, dj). In particular there are
(m#1)s‘1 such ideals.
Proof. Since the Fourier transform is a ring homomorphism, I
j
is an ideal
by transport of structure. It is well known that GR(pm, d ) is a depth m local
ring; its only ideals are therefore (0), (1), (p) ,2 (pm~1). j
In the case of pm"4, we call zeros of I and denote by Z(I) the places j where
I
j
"(0), and half zeros of I and denote by H(I) the places j where I
j
"(2).
Denote by N(I) the complement of these two sets into [0..s]. The elements of
N(I) are called nonzeros of I. We will refer to the vector indexed by G that is
0 on Z(I), 1 on N(I), and 2 on H(I) as the spectrum of the code I. The case
pm"2 of Theorem 5.1 and its corollary reduces to the following result.
THEOREM 5.3. „here is a ring morphism between GF(2)[G] and the product
of ,elds
GF(2)]GF(2d1)]GF (2d2)]2]GF(2ds ).
Every ideal I of GF (2)[G] can be expressed as
I
0
]I
1
]2]I
s
,
where I
j
is one of (0), (1) in GF(2dj ).
For future use we will call minimal idempotents of GF(2)[G] the inverse
Fourier images of the vector which is 1 in exactly one place and zero
elsewhere. Combining Corollary 5.2 and Theorem 5.3 yields a structure
theorem for the residue and torsion code of an abelian Z
4
code: they also are
abelian codes for the same group.
PROPOSITION 5.4. Keep the notations of „heorem 5.1 and its corollary. „he
residue and torsion code of an ideal
I"I
0
]I
1
]2]I
s
3Z
4
[G]
are the ideals
D"D
0
]D
1
]2]D
s
3GF (2)[G]
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„"„
0
]„
1
]2]„
s
3GF (2)[G],
where D
j
"(1) i+ I
j
"(1) and „
j
"(0) i+ I
j
"(0).
Proof. Since the torsion and residue code are essentially the kernel and
image of the reduction mod 2 map, we need to show that the spectrum of
a quaternary abelian code is mapped to the spectrum of its residue code.
Observe that since GR(4, M)/(2)"GF (2, M) we can choose the primitive
root f of Section 3 in such a way that the duality bracket in characteristic 4 is
reduced mod 2 to the duality bracket in characteristic 2. The result fol-
lows. j
6. IDEMPOTENTS
Let n :"DGD be odd. De"ne the elementary indempotents of the ring
GR(4, d) [G] as
e
h
:"1
n
+
g3G
Sh, gTX~g.
The following lemma is immediate by the orthogonality of characters of G.
LEMMA 6.1. For all h, l3G we get e
h
e
l
"d
h,l
e
h
.
De,ne now the primitive idempotents as
E
j
:" +
h3O
j
e
h
.
They are the inverse image in Z
4
[G] of the minimal ideals in the product ring
of Theorem 5.1. We will need their reduction modulo 2, say e
j
. The next result
shows that they are familiar objects in the case of G cyclic [14, Chap. 8].
LEMMA 6.2. „he e
j
are the minimal idempotents of GF (2) [G].
Proof. By the same argument as in the proof of Proposition 5.4 they are
the inverse Fourier image of the minimal ideals in the product of "elds of
Theorem 5.3. j
Corollary 5.2 and Proposition 5.4 can be recast as follows
PROPOSITION 6.3. Every ideal I of Z
4
[G] can be de,ned as Z
4
[G]E
I
where
E
I
:" +
j3N(I)
E
j
#2 +
j3H(I)
E
j
.
318 LANGEVIN AND SOLEDIts residue and torsion code are generated by the idempotents
e
D
:" +
j3N(I)
e
j
,
e
T
:" +
j3N(I)
e
j
# +
j3H(I)
e
j
.
Remark. To make the connection with [16] apparent let
E
T
" +
j3N(I)
E
j
# +
j3H(I)
E
j
,
E
D
" +
j3N(I)
E
j
;
we know that, since Z
4
[Z
n
] is a principal ideal ring (see, e.g., [12]),
SE
T
T"S f T, for some divisor f of Xn!1 in Z
4
[X]. Then, by the same
argument, there are g, h3Z
4
[X] such that SE
D
T"S fgT, and
SE
T
!E
D
T"S f hT. We recover the expression SE
I
T"S fg, 2 f hT, with
Xn!1"fgh obtained in [15].
In practice, to compute the primitive idempotents we have used the
following result, which generalizes Lemma 3.1 (3) of [2]. Roughly speaking, it
says that characteristic 4 idempotents can be lifted from characteristic
2 idempotents.
PROPOSITION 6.4. ‚et l
0
, l
1
,2 , ls denote the minimal idempotents of
GF(2) [G]. „he primitive idempotents E
j
can be labelled in such a way that
E
j
"l2
j
,
where l
j
is regarded as an element of Z
4
[G].
Proof. Observe "rst that, by the de"nition following Theorem 5.3, the
l
j
and therefore the l2
j
are pairwise distinct. To check that the l2
j
are minimal
idempotents we write
l
j
l
l
"d
jl
l
l
#2r,
for some r3Z
4
[G]. Squaring we obtain
l2
j
l2
l
"d
jl
l2
l
,
as we should. j
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By the constant term C„ (y) of y :"+g3GygXg3R[G] we mean y0, and by
the conjugate y* of y we mean y* :"+g3GygX~g. We shall need the well-
known lemma
LEMMA 7.1. For all x, y3R[G] we get
(x, y)"C„ (xy*).
An important consequence is the relation between duals and annihilators.
PROPOSITION 7.2. For every ideal of Z
pm
[G]
IM"Ann(I)*.
We denote by p the permutation of [0..s] induced by conjugation.
THEOREM 7.3. „he dual IM of an ideal I"I
0
]I
1
]2]I
s
is
Iop(0)]Iop(1)]2]Iop(s) , where (0)o :"(1) and for 14i4m we declare that
(pi)o :"(pm~i).
Proof. By the ring morphism of Theorem 5.1 and the characterization of
Proposition 7.2, observing that Ann (pi)"(pm~i), the result follows. j
This result yields a characterization of self-dual abelian codes. This gener-
alizes a result on self-dual cyclic codes. Theorem 10 of [21].
PROPOSITION 7.4. An ideal I"I
0
]I
1
]2]I
s
is self-dual i+ for all j the
ideals Iop(j ) and Ij are de,ned by the same generators. „here are no self-dual
abelian codes of length n over Z
pm
if (p, n)"1 and m is odd.
Proof. The "rst assertion is an immediate consequence of Theorem 7.3.
The second follows from the fact that there is an integer i such that
(pi)o("(pm~i))"(pi),
i! m is even. j
If m": 2a is even there is always a trivial self-dual abelian code: that of
spectrum (pa ,2, pa). For which G are there no other?
PROPOSITION 7.5. „here is no nontrivial abelian self-dual code in Z
pm
[G]
with m even and (n, p)"1 i+ p is the identity. „his happens i+ there is an
exponent e such that every prime q dividing n divides pe#1.
Proof. The "rst assertion is immediate from Theorem 7.3. The second
assertion builds on Theorem 1 of the Appendix of [16]. j
320 LANGEVIN AND SOLEDConsider now isodual Z
4
-codes. De"ne an (X, A, B) splitting of an abelian
group G to be a partition of G!X into two sets A and B such that A and
B are unions of orbits and that, furthermore, there is a group isomorphism a,
such that a (A)"B and a(B)"A. Observe that then a(X)"X. For binary
codes the splittings were only de"ned for X"M0N [8, 13, 17]. The more
general splittings with arbitrary X appear "rst in [7] for abelian codes over
"elds. They are most natural in the context of Z
4
-codes. In general we call
duadic codes attached to (X, A, B) the ideals of Z
4
[G] with half zeros at
X and zeros at A (or B).
THEOREM 7.6. Assume p is the identity. If G admit an (X,A,B) splitting
then a duadic code attached to (X,A,B) is isodual. Conversely every abelian
code isodual by a multiplier arises in that way.
Proof. A duadic code attached to (X, A,B) is mapped onto its dual by the
multiplier a of the splitting. Conversely let I be an ideal mapped onto its dual
by a multiplier b. The (H(I), N(I), Z(I)) is a splitting with multiplier b. j
For instance, if n"pa,1 (mod 8) and G is elementary abelian, one may
take X"0, A"Q the squares of GF(n), B"N the (nonzero) nonsquares,
and a multiplication by a "xed nonsquare. In that situation 2 is a square so
that Q is a union of orbits. This also yields 2(n~1)@2"1 in GF(n) and
consequently !1"(2(n~1)@8)2 in GF(n) as the arithmetic condition for p to
be the identity. This construction is a special case of supplemented quadratic
residue code in the sense of [2]. Of special interest are the splittings with
a being a !1-multiplier, that is,
"x3G, a(x)"!x.
THEOREM 7.7. Assume p is not the identity, with a being a !1-multiplier.
If G admit an (X,A, B) splitting then a duadic code attached to (X,A, B)
is self-dual. Conversely every self-dual abelian code arises in that way.
Proof. Analogous to the proof of the preceding Theorem with a being
a !1-multiplier. j
For instance if n"pa,!1 (mod 8) and G is elementary abelian, one may
take X"0, A"Q the squares of GF(n), and B"N the nonsquares. The "rst
nontrivial such n is n"73.
8. CODES OF LENGTH 427
The strategy to explore codes of Z
4
[G] with DGD"n425 is the following:
1. Construct all spectra of codes of Z
4
[G] with 2n words
2. Find the fsd amongst them by direct enumeration
DUADIC CODES 3213. Find the isodual amongst the fsd
4. Eliminate multiplier-equivalent codes.
Steps 1, 2, 3 are realized by a computer program written in C; step 4 is
achieved by elementary group theory. In length n"27 step 2 was skipped
due to the increased computational burden, reducing to the following
algorithm:
1. Construct all spectra of codes of Z
4
[G] with 227 words
2. Find the spectra of codes isodual by multiplier
3. Eliminate multiplier-equivalent codes.
8.1. n"7, 15, 21
At these lengths all abelian codes are cyclic (Cf. section on abelian codes).
We note that there are four*and not, three as said in [16]*nontrivial cyclic
self-dual codes of length 21. This code is obtained*in the notations of
[16]*by letting f"f
1
f *
2
, h"x3#3. The Lee distance is 8, yielding by Gray
map a (42, 221, 8) formally self-dual code, which is as good as the best
self-dual binary code of that length [20].
8.2. n"9
Write GF(9)"GF(3) (i), with i2"!1. The orbits are then
M(0), ($1), ($i ), ($(1#i)), ($(1!i ))N.
Here Q"M$1, $iN, and N"M($(1#i)), ($(1!i)).N In Table 1 the
codes are speci"ed by their components on each of the "ve orbits which are
labeled in the above order. For instance, 2!1!1!0!0 is the SQR code
S
Q
. We denote by q, r, s, t the following elements of G‚(2, 3):
q"A
1
1
!1
1 B, r"A
1
1
1
!1B, s"A
1
!1
1
1B, t"A
0
1
1
0B .
We denote by H
1
the code 2!0!0!0!0 of type 4021. We denote by
H
2
the code 2!0!2!2!0 of type 4025. There are nine nontrivial duadic
codes and the SQR is the worst d
E
"4. Inspection of their hulls and types
suggests that they are only two up to equivalence.
PROPOSITION 8.1. If C-Z
4
[Z
3
]Z
3
] is fsd then it is isodual. Such codes
of a given type are equivalent by a multiplier.
Proof. The four nontrivial orbits can be thought of as the points of
PG(1, 3). It is known that PG‚(2, 3) is 3-transitive on PG(1, 3) [1, Theorem
TABLE 1
Duadic Codes of Length 9
Code C Type d
L
(C) d
E
(C) a Hull
2!1!1!0!0 4421 4 4 q H
1
2!0!2!2!1 4225 4 6 r H
2
2!2!0!2!1 4225 4 6 s H
2
2!1!0!1!0 4421 4 4 s H
1
2!2!2!0!1 4225 4 6 t H
2
2!1!0!0!1 4421 4 4 s H
1
2!0!2!1!2 4225 4 6 s H
2
2!2!1!0!2 4225 4 6 r H
2
2!0!1!2!2 4225 4 6 t H
2
322 LANGEVIN AND SOLED6.6.]. The result follows by considering the action of that group on the spectra
of Table 1. j
Observe that the best Lee and Euclidean distance for a self-dual Z
4
-code of
length 9 are 2 and 4, respectively [20]. The duadic codes, being only isodual,
can a!ord better parameters (d
L
"4 and d
E
"6, respectively). Both the codes
and their augmented extensions have even Euclidean weights. (For the latter
d
L
"d
E
"4.) There is at least one odd 4-modular lattice of norm 3 in
dimension 9, and at least one even 16-modular lattice of norm 6 in dimension
9. Both are denser than the best unimodular lattice of dimension 9, that is, Z9.
Code are listed up to conjugation in the group algebra and the trivial
self-dual abelian code 2!2!2!2!2 does not appear. In that length all
formally self-dual abelian codes are isodual.
8.3. n"25
8.3.1. G"Z
5
]Z
5
Write GF(25)"GF(5)( j) with j2#j#1"0. There are six nonzero orbits,
all of size 4 and of the shape C
a
:"($a, $2a), with a ranging over M1, j,
1$j, 1$2jN. With these notations the squares and nonsquares are
Q"C
1
ZC
j
ZC
1‘j
N"C
1~j
ZC
1‘2j
ZC
1~2j
.
There are 71 nontrivial formally self-dual codes up to conjugation in the
group algebra. Table 2 classi"es them into three classes according to a variety
of parameters. The two SQRs belong to Class 1. They are the worst possible
for both Lee and Euclidean distance. It is not clear a priori that all fsd codes
TABLE 2
Duadic Codes of Length 25 and Their Hulls
Code C Type d
L
(C) d
E
(C) d
L
(CM ) d
E
(CM ) Hull
Class 1 41221 6 6 6 6 H
1
Class 2 44217 4 8 6 4 H
2
Class 3 4829 8 8 6 6 H
3
H
1
4021 50 100
H
2
40217 8 16
H
3
4029 10 20
DUADIC CODES 323are isodual. We give a symmetry argument for classes 1 and 2. Electronic
calculations show that Class 3 splits into two orbits under the action of PG‚
(2, 5) of representatives 2!2!2!1!1!0!0 and 2!2!1!2!1!
0!0. Both orbits consist of isodual codes.
PROPOSITION 8.2. If C-Z
4
[Z
5
]Z
5
] is fsd of type 41221 or 44217 then it
is isodual.
Proof. The six nontrivial orbits can be thought of as the points of PG
(1, 5). The zeros of a code of type 41221 comprise exactly three such projective
points. The same is true for its dual code. Since PG‚(2, 5) is 3-transitive [1,
Theorem 6.6] there is a multiplier that takes the code to its dual.
The spectrum of a code of type 44217 comprises exactly one orbit of
nonzeros and another of zeros. By the 2-transitivity of PGL(2, 5) we can swap
these two. j
There is at least one odd 4-modular lattice of norm 4 and at least one even
16-modular lattice of norm 8 in dimension 25. There is at least one odd
4-modular lattice of norm 3 and at least one even 16-modular lattice of norm
6 in dimension 26.
8.3.2. G"Z
25
Since the sizes of the orbits are pairwise distinct no splitting can exist.
8.4. n"27
8.4.1. G"Z
3
]Z
3
]Z
3
All the 13 nonzero orbits are of the shape C
a
"M$aN for some nonzero a.
In Table 3 the a1s are listed in the order.
000, 001, 010, 011, 012, 100, 101, 102, 110, 111, 112, 120, 121, 122.
TABLE 3
Duadic Codes of Z4[Z3]Z3]Z3]
Code C Type d
L
(C) d
E
(C)
2!2!0!0!0!0!0!0!1!1!1!1!1!1 41223 4 4
2!2!0!0!0!0!0!2!2!1!1!1!1!1 41027 6 6
2!0!0!0!2!0!0!1!0!1!1!1!1!1 41223 6 6
2!2!0!0!0!0!2!2!2!2!1!1!1!1 48211 6 6
2!0!0!2!2!0!0!1!0!2!1!1!1!1 41027 6 6
2!0!0!1!0!0!0!1!0!2!1!1!1!1 41223 6 6
2!2!0!0!0!2!2!2!0!2!1!1!1!1 48211 6 6
2!2!0!0!0!2!2!2!2!2!2!1!1!1 46215 4 6
2!2!2!0!0!2!0!0!2!1!1!2!1!1 48211 6 8
2!0!2!0!2!2!0!2!0!1!1!2!1!1 48211 6 8
2!0!2!0!2!2!0!2!2!2!1!2!1!1 46215 6 12
2!2!0!2!0!2!0!2!2!2!1!2!1!1 46215 6 12
2!2!0!0!2!2!2!2!2!2!2!2!1!1 44219 4 8
2!0!2!2!2!2!2!2!2!2!2!0!1!1 44219 4 8
2!0!2!2!2!2!2!2!2!2!2!2!2!1 42223 4 8
TABLE 4
Duadic Codes of Z4[Z3]Z9]
Code C Type d
L
(C) d
E
(C)
2!0!2!0!2!1!2!1 48211 6 6
2!2!2!0!0!1!2!1 48211 6 6
2!2!2!0!2!2!2!1 42223 4 8
2!0!2!2!2!1!2!2 46215 4 6
324 LANGEVIN AND SOLEDThere are no quadratic residue codes here because 2"!1 is not a quadratic
residue in GF (27). Two of these codes have d
E
"12, and Euclidean weights
even but not always multiples of 4. This means that there is a 4-modular
lattice in dimension 27 of norm 6 that is as dense as the densest unimodular
lattice (norm 3) but not obtained by re-scaling of a unimodular lattice.
8.4.2. G"Z
3
]Z
9
There are seven nonzero orbits. Three have size 6 and four have size 2. The
orbits are by order of representatives.
00, 01, 03, 10, 11, 12, 13, 16.
We list in Table 4 the four nontrivial non-multiplier-equivalent duadic codes.
DUADIC CODES 3258.4.3. G"Z
27
Since the sizes of the orbits are pairwise distinct no splitting can exist.
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